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Abstract 

Aperture theory in antenna courses is a topic that is usually dealt with fairly superficially at undergraduate and graduate levels. 
This paper takes a fresh look a t  aperture theory and its relationship to the Equivalence Principle. Some subtleties and possi- 
ble misconceptions are discussed. Emphasis is placed on the mathematical analysis of the process by which the aperture is 
short-circuited, and the subsequent interpretation of various approximations to the aperture fields. 
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1. Introduction 

perture theory [1-3] is a well-known technique used for cal- 
culating radiation and scattering from conducting structures 

with apertures. It is usually employed in conjunction with the 
Equivalence Principle and various formulations can be applied [I]. 
In most textbooks, the subject is dealt with rather superficially, and 
the subtleties are usually not addressed. As a result, the casual 
reader or student will not be made aware of these unless he or she 
embarks on an intensive smdy of the relevant literature. It is the 
purpose of this paper to revisit some of the techniques we employ, 
from formulation to practical application. 

A .  . .  

The following will specifically be addressed 

Aperture theory is closely related to the Equivalence Principle 
[I]. A technique often used to simplify calculations is to place 
a perfect conductor in the null-field region of an equivalence 
problem [l]. The aperture is then “short-circuited,” and one 
needs to employ only the magnetic current density as a source, 
since the electric current density effectively canuot radiate in 
the presence of a conductor. As the remaining magnetic current 
density now radiates in the presence of the conductor, the 
impression is created that the free-space radiation integrals can 
no longer be used to analyze the problem [2, 31. It will be 
shown that it is indeed possible to do so by simply applying the 
Equivalence Principle once more to this new problem. The 
conductor-in-the-null-region technique will be analyzed 
mathematically to show exactly what is meant when we state 
that the electric current density “will not radiate.” It will also 
he shown that we can obtain the same end result (of short- 
circuited aperture and magnetic source only) by direct 
manipulation of the free-space radiation integrals. This mathe- 
matical analysis shows that the conductor technically has to be 
placed just within the equivalent surface S, and not coincident 
with it, as has been suggested [4]. 
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. For aperture antennas with equivalent aperture surface-current 
densities jmP and Mq, the radiated fields are usually calcu- 

lated from J, +Map, 2J,, or 2M,, Discrepancies between 
the three Bets of results are often attributed to the exact aperture 
fields not being known [ 5 ] .  It will be shown that differences 
among thc three sets of solutions are related to the choice of the 
solution, and will exist even if the exact aperture fields were to 
be known. Several examples will be presented to highlight 
these differences. 

- -  - 

A typical aperture problem is shown in Figure la, which 
depicts the side view of an open-ended waveguide. An intemal 
source, i, excites a wave that propagates down the waveguide. 
Most of the energy of the wave is radiated from the aperture, but a 
percentage ofthe energy will be reflected back into the waveguide. 
From a radiation point of view, however, we are not interested in 
what happens within the waveguide. To calculate radiation from 
the aperture, we now proceed to apply the Equivalence Principle to 
the problem. The Equivalence Principle states that we can replace 
the physical structure with equivalent electric and magnetic current 
densities radiating in free space, as long as we retain the sources in 
the region of interest. For external equivalence, the equivalent CUI- 
rent densities will yield the true fields in the extemal region and 
null fields within the equivalent surface, S. In Figure la, the region 
of interest is the space external to the waveguide. As there are no 
sources in this region, we select an equivalent surface, S, tightly 
enclosing the waveguide and aperture, as shown in Figure Ih. 

The waveguide is assumed to be constructed of a perfect 
electrical conductor, which implies that only an electric current 
density can exist on its surface. In Figure Ih, we thus have only a 
J,I on the equivalent conducting surface of the structure, but in 
the aperture region, we of course have Js, = S a p ,  along with the 
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Figure la. Aperture-antenna problem solutions: the original 
problem. 

Figure Ib. Apertureantenna problem solutions: the equiva- 
lence solution. 

Figure le. Apertureantenna problem solutions: a conductor in 
null region. 

magnetic current density M a p .  The latter quantities are related to 

the ape” fields, E, and H a p ,  through 

- - 
JaP = 81 x H o p ,  (1) 

us to treat jap  and Map as sources. Keeping in mind that all the 

current densities radiate in free space, we can then solve for a I,, 
on the conducting part of the stmcture by applying the appropriate 
boundary conditions along the conducting part of S. This technique 
is what is generally known as “aperture theory.” 

Although it may sound quite simple, we do not necessarily 
know the relative distributions of both 5, and M a p ,  as well as 
their relative magnitudes with respect to each other. The E-field 
distribution in the aperture can usually be approximated quite 
accurately (for example, it can be assumed to he either constant or 
co-sinusoidal across the aperture). The H-field distribution is more 
difficult to obtain, and it is sometimes almost impossible to calcn- 
late the wave impedance in the aperture in a simple way, especially 
for small apertures such as slots in waveguides. It should be 
noticed that from the uniqueness theorem, the problem can be 
solved from knowledge of the tangential E field in the aperture 
alone [ I ,  pp. 100-1031, hut we need to solve for the magnetic field 
in the aperture (and thus I,, = Jap ) in some way or another. 

Before proceeding to look at ways for overcoming this proh- 
lem, it is instructive to return to the Equivalence Principle for a 
moment. An elegant mathematical derivation of the Equivalence 
Principle can be found in [6] .  This formulation explicitly requires 
the Green’s functions and surface-current densities to be continu- 
ous up to the second derivative everywhere within and on the 
equivalent surface, S. This requirement originally led the author to 
believe that the conventional aperture-theory formulation, as dis- 
cussed above, was mathematically not strictly correct [7] .  The 
argument was that Map is discontinuous at the aperture edges 
(zero on the conducting part, non-zero in the aperture), and that the 
volume enclosed by S must be homogeneous. In the aperture- 
theory formulation, S encloses a region comprised of conductor 
and of free space: hence, it would violate the conditions stipulated 
in [ 6 ] .  However, this assertion was incorrect. The stipulated condi- 
tions apply only to the free-space Green’s functions used in the 
equivalent solution, and not to the physical problem. However, the 
requirement of continuity of the surface-current densities still pre- 
sents a problem. The normal vector, i , is not defined right in the 
aperture comer (c.f. Figure 1). and there can hence be no gradual 
change in MsP from a value of 0 on the conductor to some finite 
value in the aperture. 

To be strictly correct in a mathematical sense, one should 
place the equivalent surface, S, in the free space, just outside, but 
infinitesimally close to, the physical object. In this case, the same 
bounday conditions as before can still be applied, but all the fields 
will he continuous in the free space surrounding the physical 
object. The only difference is that fi, will extend slightly beyond 
the aperture comers, hut it will decrease very rapidly beyond those 
points. In practice, there will essentially be no difference, and one 
can let S coincide with the physical object. 

where i, is the unit vector normal to S, and MOP # 0,  since the 
tangential electric field in the aperture is not zero. 

The current densities js , ,  Is, = jq, and Mop in Figure Ib 
are as yet unknown. For a wide range of aperture problem, bow- 
ever, we know quite well how the aperture fields will behave. We 
can thus use approximations for EaP and e,, which would allow 

Continuing with the aperture problem shown in Figure 1, we 
saw that we can replace the physical structure with equivalent cur- 
rent densities radiating in free space, hut also that, in most cases, it 
will still he rather difficult to solve the problem. An ingenious 
solution was proposed in [l], namely to place a perfect electric or 
magnetic conductor in the null region (internal to 5‘) of the equiva- 
lent problem. 
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Figure Za. General equivalence solutions: the general equiva- 
lence problem. 
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Figure Zb. General equivalence solutions: a conductor placed 
well within S (new problem). 

2. The Placement of Conductors in the 
Null Field Region of 

Equivalence Problems 

Consider fmt  the general equivalence problem shown in Fig- 
ure 2. In Figure 2a, the physical scatterer has been replaced by 
equivalent surface-current densities jsl and Mal,  which radiate in 
free space. The original sources, jl and a,, together with the sur- 
face-current densities, bl and M,, , yield the true electromagnetic 
fields external to Sand a null field intemal to S. Since there are no 
fields internal to S, we can place an electric or magnetic conductor 
within S without influencing the external fields. Figure 2b depicts a 
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conductor as a first step placed well within the null region. The 
next step is then to expand the conductor until only an infinitesi- 
mally small gap is left between the conductor and S. The electric 
current density Jsl is now virtually impressed upon a perfect elec- 
tric conductor, and will effectively not radiate [I]. The electric cur- 
rent density is ofien referred to as having been “short-circuited,” 
and, as such, can he removed iiom the problem. Alternatively, one 
can use reciprocity to show that an electric-current source backed 
by an electric conductor “will not radiate” [l]. We are then left 
with the extemal sources, 5, and M I ,  as well as the magnetic cur- 
rent density M,,, which now radiate in the presence of the 
conductor. This technique is of special importance in apnture 
problems, where we usually do not have external sources J, and 
M , .  

If we apply the Equivalence Principle as depicted in Figure 2 
to the aperture problem shown in Figure 1, the extemal sources, TI 
and MI,  must he removed, and Tsl and Msl will he the current 
densities due to the sources that were originally in the volume 
enclosed by S (Le., within the waveguide). If we now fill the 
equivalent surface S of this modified Figure 2h with a conductor so 
that it is located just behind S, Ts, will he short-circuited every- 
where (in Figure Ih, Js, on the conducting part of S and xsl = Tap 
in the aperture). We will he left with only Map radiating in the 
presence of a perfect conductor, as shown in Figure IC. Note that 
since we placed the conductor just behind S, there will he an 
infinitesimally small gap between Map and the conductor. 
Although we seemingly can no longer use the free-space radiation 
integrals since Mop no longer radiates into a homogeneous 
medium [3], this step is an enormous simplification of the original 
equivalent aperture problem. Firstly, we no longer need to find 
Hop (and thus Tap), and secondly, the geometry of the problem 

has also been simplified significantly. There are many simple 
geometries for which exact Green’s functions can be derived (see, 
for example, [8] for the detailed.characterization of a radiating slot 
in the broad wall of a waveguide). Once the Green’s function for 
the specific geometry is known, it can he used to calculate the 
fields radiated by M, . As the Green’s function represents a con- 
ductor, the magnetic current density now radiates in the presence 
ofthe conductor. 

Apart from examples, the above exposition is more or less 
what can be found in most textbooks dealing with aperture theory. 
The rest of this section will deal with the topic in a more detailed 
manner. 

Firstly, it will be shown that one can indeed still use the free- 
space radiation integrals after having placed a conductor in the null 
region. Consider again Figure 2b, where we have placed a con- 
ductor in the null region of the original equivalence solution. 
Before we expand the conductor to fill S completely except for an 
infmitesimally small gap to S, we start off by treating Figure 2h as 
a brand new problem, in which sources TI ,  M I ,  XsI, and Msl 
illuminate an electrically conducting body. These current sources 
will induce a current Tc on S‘, which we now have to determine. 

This problem looks just like many other problems we can 
solve with the Method of Moments (MOM) [9]. In fact, there is 
nothing preventing us from applying the Equivalence Principle to 
the new problem once more. We simply replace the conductor with 
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another equivalent surface, S’, with an as-yet-unknown equivalent 
current density, IC, radiating in free space. We can now expand 
the equivalent surface, S’ , until it almost coincides with S. This 
will then represent the procedure followed by [I], hut with all cur- 
rent densities and sources radiating in free space. 

We next consider what happens when S’ has been expanded 
so that S’ lies just behind S (an infinitesimally small gap separat- 
ing the two surfaces). In Figure 2b, we can express jc as 

J, = Jc (J1 ) + J, (S I , )  + Jc (JsI) + jc (M31) . (3) 

Since all the electromagnetic fields intemal to S are zero and thus 
J, = 0 ,  all the terms on the right-hand side of Equation (3) must 
add up to zero, even when S’ is infmitesimally close to S. At this 
stage, one may be inclined to think that placing the conductor in 
the null region is a futile step, as no current is induced on its sur- 
face and it will seemingly have no effect. This is probably the rea- 
son why [4] stated that it is incorrect to place the conductor within 
Sand that it should rather coincide with S, without a gap separating 
the two surfaces. 

- 

However, when we consider the partial terms of Equation (3) 
when the electrical conductor (S’) has heen expanded to nearly fill 
S, j$I will he infinitesimally close to a conductor, and will induce 
-JSI on S’, i.e., Jc(jsl) = -Jal. Note that this has nothing to do 
with what we know as “image theory,” but will always be the case, 
irrespective of the shape of S. The negative image of jsI has to he 
induced in order to maintain the correct boundary conditions on the 
surface of an electrical conductor. Although j,, will never actu- 
ally stop radiating, radiation from it will effectively he cancelled 
by radiation from jc (j$,) = -bl. This is the only way in which 

JSI can he “short-circuited.” It should be clear that if we now want 

to remove jsl, we actually have to remove the combination of S,, 
and its image, 3, (jzI) = -Js,. The validity of this step may be 

debatable, as one is removing the source J$l, as well as a part of 
the current that still needs to he solved for. The remaining current 
densities, ~c(~I)+~c(Ml)+~c(M~l), will then againinduce JsI 
on the conductor, as also recognized by [4] and as shown in Fig- 
ure IC. 

- 

- 

The practical implication of the above discussion is that we 
can solve the problem in Figure 1 either by making use of an 
appropriate Green’s function, or we can once more apply the 
Equivalence Principle and solve the problem hy means of the 
MOM, with all current densities radiating in kee space. Even in 
this case, the apermre will still he “short-circuited,” hence consid- 
erably simplifying the geometty of the problem, as shown in Fig- 
ure IC. 

We have now seen that it is indeed possible to use the free  
space radiation integrals when the aperture and the original I,, 
have effectively heen “short-circuited.” In the next section, a 
totally different approach will he employed to derive the same 
result. 

3. Short-circuiting of the Aperture as 
Derived Directly from the 

Radiation Integrals 

It should he ohvious from Figure IC  that we can use either 
geometry-dependent Green’s functions or the free-space radiation 
integrals to solve the problem, with Map placed infinitesimally 
close to, hut not coincident with, S. In this section, it will he shown 
that if one starts off with the original equivalence solution as 
depicted in Figure Ih, simply moving Map an infinitesimal dis- 
tance away from S in accordance with Figure IC will yield the 
same result as derived above. Mathematical analysis of this step 
shows that the aperture appears to have heen short-circuited. 

Figure Ih shows the Equivalence Principle solution of a typi- 
cal aperture problem. The segment AS represents a small segment 
of the aperture area. An expanded view of AS is shown in Fig- 
ure 3a. The electric field will initially he evaluated in the aperture 
region at points just outside and just within the equivalent surface 
S, shown as points a and c in Figure 3a. The mathematical relation- 
ship between various radiation-integral terms will he established, 
and will then he applied to the case where Map has heen moved 

away from S, as shown in Figure 3h. In Figure 3, M, = Map and 

J, = J, . Away from the aperture, is represents the current on 

the conductor (Is = jsI) and Ms = 0 .  

- -  

Returning to Figure Ih, as discussed before, one can usually 
find an accurate approximation for E, (and thus Map), hut deter- 

mining the associated Hap (and thus Z a p )  can be quite a daunting 
task. One thus cannot readily solve the problem. 

If one attempts to treat 5, simply as part of the unknown 

I,, and sets up a typical MOM solution, one would have to know 
which boundary conditions to apply in the aperture. For typical 
two-dimensional problems, one can use the tangential component 
of Eo,, in addition to d x E = 0 on the conducting part of S, hut 

M, as a source first has to he removed by means of non-zero 
intemal (auxiliary) fields [IO]. The problem becomes even more 
difficult for TE problems. Futhermore, from an implementation 
point of view, the boundary conditions are not uniform on S, which 
means that one has to keep track over which portions of S which 
boundary conditions apply. This is not as simple as treating the 
conducting part as a uniform “scatterer,” with the aperture sealed 
O f t  

The total electric field at point a in Figure3a can be 
expressed as 

where S indicates that the integral is evaluated over the entire 
contour S. The integrals can be divided into integrals over the suh- 
contours AS and S - AS, where AS is the suh-contour at point b 
in Figure 3a. Equation (4) can thus he written as 
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Figure 3a. Field evaluation points in an aperture region: an 
expanded view of AS. 
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Figure 3b. Field evaluation points in an aperture region: the 
case where M a p  has been moved away from S. 

As we are dealing with Love's equivalence and since a is infini- 
tesimally close to b, the electric and magnetic equivalent surface- 
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curient densities at point b in the apemre region are coincident, 
and are given by 

J s = d X . B ~ ( J , , M , ) ,  (6) 

M,=-dxE:(J,, Ms), (7) 

where d is the unit vector shown in Figure 3a. From the Appendix, 
it can be shown that the tangential electric field infinitesimally 
close to, but just outside, a suh-contour AS with an electric-current 
sheet M, impressed on it (point a in Figure 3a), is given by 

(8) d XE,,, (M.)= -L+dXEa,&, M (lGix), 2 

The electric field produced by the integral over the remainder 
S - A S  will be continuous across AS, so that 

dxE,,s-,(MI,)= dxEo,S-&y(Ms) (9) 

and, hence, again using what is shown in the Appendix, we can 
write 

Using Equation (7), Equation (8) can be expressed as 

where = d x E? = -M, represents the tangential component 
of the total electric field at point a. We can likewise rewrite Equa- 
tion (10) as 

The fields intemal to S are identically zero, so that 

E? = E,,s(J,)+E,,s(M,) = 0 (13) 

yields 

from Equation (12). The tangential electric field produced by J, is 
continuous everywhere across S, resulting in 

(15) 

The total tangential electric field at point a is thus given by the 
sumofEquations(Il)and(15), 

d x E? = dx&n,S ( J , ) +  d x  (M,) 
(16) 

= +EZI (J, , M, ) , 
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as expected, while the sum of Equations (12) and (15) yields a null 
field at point c. 

Moving on to Figure 3b, where M, has now been moved an 
infinitesimal distance to the right of S, we now have three regions 
of interest. The mathematical results derived above still hold, and 
in Region I the total tangential electric field will be zero. In 
Region 11, the same result is obtained when Equations (12) and 
(15) are combined, Le., the total tangential electric field is zero. In 
RegionIII, the true non-zero tangential electric field will he 
obtained. 

Since the tangential electric field in Region I1 is zero, the 
entire surface Son which Ts =Tap is imposed can now he thought 

of as being a perfect electrical conductor. By merely separating 
Ma =aap slightly from S in an aperture problem we have thus 
achieved the same result as what was obtained through the process 
of placing a conductor in the null region. The aperture appears to 
he .“short-circuited” because of the unique relationship between 
Tap, fi, , and the radiation integrals. As long as the gap is infini- 
tesimally small, we will be infinitesimally close to the exact solu- 
tion of the problem. 

It is important to note that we cannot argue that when a, is 
separated from S, the tangential electric field in Region I1 must he 
zero because S (and thus 1,) now represents a conductor. From 

the Appendix, we know that Mop by itself produces non-zero tan- 
gential electric fields on either side of it. With reference to Fig- 
ure lb, integration along the entire surface S, which includes T31, 
produces a non-zero tangential electric field just outside S in the 
aperture region. The tangential electric field is produced by Tsl, 
J, , and M, , and we have no n priori knowledge that Tap will 
be the same current as what would he the case for a conductor. We 
have to go through the above derivation to prove that. 

- 

The value of this rather complicated derivation is that it 
clearly shows the interaction of the various radiation-integral terms 
in this application of the Equivalence Principle, hut much more 
importantly, it shows that there indeed has to be a gap between 
M, and S (in contrast with what w& stated in [4]). If this is not 

the case, we cannot apply the boundary condition d x E = 0 in the 
aperture region, and we thus cannot regard the aperture as having 
been short-circuited by a conductor. 

We can take the result derived in this section a hit further, by 
reversing the Equivalence Principle. For the problem shown in 
Figure IC, with S representing an equivalent surface in free space, 
we can replace the equivalent surface with a physical conducting 
surface. Having done that, one can now make use of the appropri- 
ate Green’s function to solve the problem, if we so prefer. This 
derivation thus verifies what we have done in Section 3. 

In [7], the author presented a somewhat heuristic proof that 
the aperture can he ”short-circuited” in free Space, without going 
through the process of placing a conductor in the null region of the 
equivalence prohiem. In [7], both aperture sources Iap and Map 
were placed an infinitesimal distance in front of an intentionally 
“short-circuited” aperture. However, an electric-current density, 
J, , infinitely close to this planar electric conductor will induce 

the oppositely directed current, -Tmp, on the conductor. Radiation 

- 

from these two terms will always cancel, and will thus have no 
effect on the total radiation &om the structure. One can therefore 
use only M, to illuminate the closed surface S, which represents 

a conductor. 

4. Apertures in Ground Planes versus 
Aperture Fields in Free Space 

The preceding discussions concentrated on the formulation of 
aperture antenna problems. In this section,’ the interpretation of 
various approximations to the aperture fields will he dealt with. 
The practical examples presented here were analyzed by means of 
two-dimensional geometries, representing the E- and H-plane cuts 
through the physical three-dimensional structures. The pattems 
calculated in this way are an approximation to the true radiated 
fields, hut will he shown to agree quite closely with the measured 
results. Invariability with respect to the distance measured perpen- 
dicular to each cut was assumed. The E plane is the plane contain- 
ing the tangential electric field in the aperture and the direction of 
maximum radiation and, likewise, the H plane is the plane con- 
taining the tangential magnetic field in the aperture and the direc- 
tion of maximum radiation. 

Figure 4a depicts a typical planar aperture problem such as a 
waveguide ending in an infinite ground plane. The Equivalence 
Principle can be applied to this problem, yielding the equivalent 
current densities Tsl, I,, and M O P ,  radiating in free space, as 

shown in Figure 4b. The electric-current density, TXl,  exists evety- 
where along the infmite ground plane, and in the aperture region 
we have 3, and Map. Figure 4c depicts the equivalence solution 
in accordance with Section 3 above, with the a p e m e  now having 
been “short-circuited.” It is also the result obtained hy placing an 
electrical conductor in the null region of Figure 4h. Only Map is 

regarded as a source, and we have to solve for the unknown T$, 
where 3, is the combination of zap and s,, on the conductor, It 

is generally accepted that one can use any of Tsl +Tap + R,, 
2M, (an electric conductor placed in the null region, Figure 4c) 

or 2(Ts1 +I,+,) (a magnetic conductor placed in the null region, 
not shown) to obtain the electromagnetic fields radiated from the 
aperture. Collin [5 ]  derived expressions for the gain of an open- 
ended waveguide, making use of Top + Rap and ZM,. Two 
different expressions were obtained, the difference being attributed 
to the exact aperture fields not being known. However, this expla- 
nation is not correct. 

As the ground plane is intimite, from Figure 4c the induced 
current Ts represents the image of M, , and we can use ZM,  

instead of Is + M a p ,  Whether one thus uses 2M, from Figure 4c 

or s,, +Iap + M a p  from Figure 4h, the same result is achieved. 
Figure 5 shows the calculated pattems of the X-band open-ended 
waveguide (aperture height 10.16mm, width 22.86mm) in an 
“infinite” ground plane, as calculated at a radius of 0.8 m using a 
ground plane of total length 2 m. A distance of 0.8 m is sufficiently 
far from the aperture for the calculated electromagnetic fields to he 
regarded as the far-field pattems, whilst reducing the dimaction 
effects from the edges of the practical ground plane. The induced 
current, Js, as shown in Figure 4c was calculated by means of the 
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Figure 4a. An aperture in an infinite ground plane: the physi- 
cal problem. 
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Figure 4b. An aperture in an infinite ground plane: the 
equivalence solution. 
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Figure 4c. An aperture in an infinite ground plane: the aper- 
ture “short-circuited.” 
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Method of Moments, and jap rind J,, were simply taken as those 

portions of j, in the aperture region and on the ground plane, 
respectively. The frequency was 10 GHz, and Map was assumed 
to he constant over the aperture and in the direction of the long 
dimension (22.86mm) of the aperture. Both 2Map and 

js ,  + xap + M, give the result A, which is nearly omn-direc- 
tional. This is to be expected, since an infinitely small aperture in a 
ground plane would be the dual of an infinitely thin dipole in free 
space. If one uses only Tap + M a p  instead of xsI + J, + M a p ,  the 

result B is obtained. This clearly is the wrong choice, since I,, - 
which exists on the ground plane - cannot he neglected. For an 
aperture in an infinite ground plane, one should therefore use either 
2 8 ,  or I,, + J, + Mop (more complicated), hut not 1, + M n F .  

In the case of aH open-ended waveguide in free space with no 
ground plane present (such as depicted in Figure l), the situation is 
different. When we place Map just in front of the sealed-off aper- 
ture, as in Figure IC, we can no longer use image theory to predict 
the total pattern. Although the 5, that will be induced in the aper- 
ture region is approximately the same as that in the infinite- 
ground-plane case, the current on the rest of the shucture ( j s , )  is 
significantly different. Curve C shows the pattern of the waveguide 
of Figure 1, with a total waveguide length of 60 mm and a 1 mm 
wail thichess (the rectangle in Figure IC  has dimensions 60 x 
12.16 nun). In this case, jsl falls away rather rapidly on the sides 
of the waveguide, so that Iop + M a p  should give a fair approxima- 

tion of the radiation pattern (keep in mind that using 2R, would 
immediately imply that the aperture ends in a ground plane). This 
is indeed the case, as can be seen from curve B in Figure 5 .  The 
pattem calculated from 2MaP is clearly not accurate. In the case of 

a waveguide in free space, one should thus use only Top + M, as 
an approximation. 

E 

0 z 
L -20 

0 30 60 90 120 150 180 

A E - - - - -  C 
Angle  i n  D e g r e e s  

Figure 5. E-plane radiation patterns of a waveguide ending in a 
ground plane (A) and free space (C). Case A: J,, + 5, + M a p  

or 2MaF ; Case B: 1, + M a p  ; Case C: Figure IC. 
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Figure 6a. A section through a broad-wall slot in an X-band 
waveguide: the physical problem. 

SECTION X - X 
Figure 6b. A section through a broad-wall slot in an X-hand 
waveguide: the two-dimensional equivalent surface (solid line) 
versus the actual geometry (dashed line); line d is Map. 

A n g l e  in D e g r e e s  
A- B- 

Figure 7. The radiation patterns of an X-band waveguide with 
a broad-wall slot: (A) calculated; Q) measured. 
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As a matter of interest, the actual gains of an open-ended 
waveguide and of a waveguide ending in a large ground plane 
were both calculated and measured. The calculations were per- 
formed for the principal planes only, for two-dimensional stmc- 
tures representing the E-plane and H-plane cuts through the 
waveguide. The E-plane pattern is shown in Figure 5 (curve C). 
Linear interpolation between the principal-plane patterns was used 
to predict the pattern over the rest of the volume. The full three- 
dimensional pattem was integrated to obtain the directivity. The 
swept-frequency-measured gains showed moderate ripple as a 
result of VSWR mismatch, and the "average" curve througb the 
ripple was subsequently taken as the gain. The calculations and 
measurements yielded a value of about 6.5 dE%i for an X-band 
open-ended waveguide at IO GHz, and 6.0 dBi for a waveguide 
ending in a large ground plane. This is to be expected, since the E- 
plane heamwidth of the waveguide in a ground plane is substan- 
tially wider than that of the open-ended waveguide in fiee space. 
The formulas given by Collin respectively yield 4.3 dBi 
( j q p  + M a p ,  thus waveguide in free space) and 5.4 dBi (2M,, 
thus waveguide ending in a ground plane) for the two cases, as dis- 
cussed above. 

It is surprising that the gain in the latter case is higher than in 
the former case. The simple formula given by [2, Equation (8-70)] 
yields a gain of 4.2 dBi. The more accurate formulas presented by 
[ 1 I] both give a gain value of 6.5 dBi at IO GHz for an open-ended 
waveguide, which confirms the result obtained by means of pattern 
integration and measurement. The close agreement between the 
author's theoretical results (linear interpolation between the two- 
dimensional E- and H-plane patterns) and those of [ 1 I] may he a 
hit fortuitous, as the author did not take the reflection coefficient in 
the aperture into account, as was done by [ I  I]. A reflection coeffi- 
cient of magnitude 0.29 at 10 GHz [I I ]  reduces the gain by about 
0.4 dB. 

When we deal with apertures in electrically small stmctures, 
we usually do not have a choice between solutions. An E-plane cut 
through a slotted X-band waveguide is shown in Figure 6. The E 
field in the slot aperture was assumed to be constant, and hence 
i%, is constant. The slot height, d, was 1.8 mm, and the 
waveguide outer dimensions were a = 25 mm and b = 12 mm. The 
distance c = 10" was measured from the edge of the waveguide 
to the centa of the slot. For a two-dimensional cut, the slot and 
waveguide lengths were extended longitudinally to h" The 
principal E-plane pattem was calculated at IO GHz using the two- 
dimensional free-space radiation integrals and the MOM. Figure 7 
shows the excellent correlation achieved between the theoretical 
(A) and the measured (B) patterns. The pattern yielded by 2M, 
(not shownj'is omn-directional to less than a tenth of a dB and is 
obviously not correct, as it would represent the same aperture in an 
infinite ground plane. 

For electrically large apemre antennas, such as horns or 
reflector antennas, strictly speaking one should use only 
J, +Map, hut the aperture fields dominate the radiation pattern 

to such an extent that 2MaP can be used without introducing 

significant errors into the calculations. This is further illustrated 
when one considers, as an example, radiation from a two-dimen- 
sional E-plane sectoral horn antenna with a large aperture, as 
depicted in Figure 8. The two-dimensional magnetic radiation 
integral is given by 

- 
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H(5,M)= --JMHp(kr)ds k -  
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a 

Y 

b 

where r is the distance between the integration and the observation 
points, and k and 7 represent the free-space wavenumber and 
wave impedance, respectively. The vector i is a unit vector in the - 
direction from the integration point to the observation point. For 
this typical TE, problem, we can express the aperture current den- 
sities as M=-E,P and J = - H , j . ,  and we also have 

i = rzi + ryF. Since Mop is z directed, the divergence term in 
Equation (17) wiil be zero. 

- - 

If we assume the aperture to be wide enough in the H plane 
so that the wave impedance will be close to the free-space wave 
impedance, we have E, = 7 H , ,  Note that E, and H ,  are not con- 
stant across the aperture, but are related to each other by the wave 
impedance at every point in the aperture. 

When we calculate radiation patterns, the observation point is 
electrically far away from the aperture current densities, and we 
can thus employ the large-argument forms of the Hankel functions 
[l, Equation (D-13)] in Equation (17), yielding 

Since the extent of the aperture is small compared with r, rx 
in the second integral will only be a function of the fir-field obser- 
vation angle, 8. If 8 represents the angle off broadside, rx 5 cos0 
and it can thus be removed from under the integral. The contribu- 
tions from the two integrals are equal only for 0 = O”, correspond- 
ing to the broadside direction. As the angle off broadside becomes 
greater, the contribution from the second integral tends to zero, 
unlike that of the first integral. It is obvious that if only one of the 
two surface-current densities is used (multiplied by a factor of 
two), the resulting radiation pattern will differ from the correct 
solution given by Equation (18). 

For large apertures, the cos0 term can be regarded as an 
“element pattern,” while the integral would represent the “array 
factor” of a large array. As is well known in array theory, the total 
radiation pattem is given by the product of the array and element 
patterns. For large arrays, the array factor dominates. For large- 
aperture antennas, it therefore does not really matter which of the 
three possible solutions we use. It is only far off the main beam 
that we will begin to observe differences. 

Although the radiated fields will not differ dramatically, we 
have to be careful when we calculate the gain from the radiation 
integrals analytically. The two integrals in Equation(18) will 
clearly have different analytical solutions, and this will also be the 
case for the three-dimensional radiation integrals. The gain for- 
mulas obtained from 3, t M, and 2MOp will thus differ, even if 
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Figure 9. The radiation patterns of an E-plane sectoral horn: 
(A) calculated: (B) zap + M, ; (C) measured [Z]: (D) calculated 

121. 

Figure 10. The geometry of a slot in a finite ground plane. 
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Figure ll. The E-plane radiation patterns for a slot in a finite 
ground plane: (A) calculated; (B) measured. 
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Figure 12. The geometry for the evaluation of the MOM self 
term. 

we happen to know the aperture fields exactly. This is specifically 
true for electrically small apertures. 

When we use the aperture current distributions 3, + M o p  to 
calculate the radiated fields, the results will be valid only in the 
forward direction. If we are interested in the backward radiation, 
we have to take the entire shcture  of the antenna into account. 
The E-plane sectoral hom antenna shown in Figure 8, with dimen- 
sions a = 3 6 m m ,  b=370mm, c=12.16mm, and d=244mm, 
was analyzed with diffraction theory in [Z, Figure 9-21], at a fie: 
quency of I O  GHz. 

Figure 9 shows the calculated (curve A, by means of the 
MOM and two-dimensional free-space radiation integrals, aperture 
“short-circuited,” &I, the only source) radiation pattem com- 
pared to the pattem given by the sources only (curve B, 
J, + M a p ,  from [2, Chapter SI), the measured data given in [2] 
(curve C), and the pattem calculated by [2] (curve D). The pattems 
shown in Figure 9 clearly demonstrate that it is quite sufficient to 
use only the aperture sources if we are interested in the forward 
radiation only. It also shows that the two-dimensional representa- 
tion of a pyramidal hom can yield very accurate principal-plane 
radiation pattems. The reader is referred to [I21 for a detailed 
analysis of radiation from three-dimensional electrically large hom 
antennas. 
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Another example of backward radiation is depicted in Fig- 
ure IO, where we have a slot of width of 50 mm (half a wavelength 
at 3 GHz) and a height of 10” in the center of a 
610 x 610 x 4 mm plate. This problem was analyzed for forward 
radiation in [2, pp. 485-4891, by means of high-frequency tech- 
niques. Figure 11 shows the corresponding measured versus cal- 
culated E-plane radiation patterns. In the calculations, the tangen- 
tial electric field was assumed to he constant across the slot, and S 
was chosen to fully enclose the plate, front and back. The source 
amp was placed 0.011 in front of the solid plate. 

For the practical measurements, the slot was fed directly with 
a coaxial cable. A small rectangular cavity of height 25 mm was 
placed behind the slot, to limit direct radiation from the slot to the 
forward region only, Despite poor VSWR, the radiation patterns 
could still be measured. Copper tape was used to form a trapezoi- 
dal structure around the cavity backing the slot. This reduced dif- 
fraction from the cavity itself sufficiently for the rear surface of the 
plate to be treated as planar in the calculations. The correlation 
between theory and measurement was very good. Note that even 
though this is a typical “aperture in a ground plane” problem, if we 
tried to use 2 M O p ,  the resultant radiation pattem would be omnidi- 
rectional in the forward region (0”-90”). The ground plane is sim- 
ply too small, and diffraction at the ground-plane edges signifi- 
cantly influences the forward and backward radiation patterns of 
the slot. 

’ 

Numerous papers have been published dealing with various 
aspects of aperture problems. The rather complicated approach 
adopted in [IO] was used for calculating the fields radiated from 
apertures in two-dimensional cylinders. The free-space radiation 
integrals were also used, as was done in all the examples presented 
in this paper. Such a complicated approach is not necessw, as one 
can use the “short-circuit” approach, as discussed above, and 
depicted in Figure IC, for both TE, and TM, radiation problems. 
The solution of the problem for both polarizations is obtained in 
the same way as for typical scattering problems where a conduct- 
ing object is illuminated by an extemal source [9, Sections 3.2 and 
3.51. 

The pattems presented in Figures 4-9 of [ I O ]  are easily repro- 
duced by equivalent geometries such as shown in Figure IC. Cal- 
culation of the transmission and reflection coefficients of an aper- 
ture in a thick conducting screen is considerably more involved 
[13, 141, as both the intemal and extemal regions have to be taken 
into account. 

5. Conclusion 

The purpose of this paper was to give the reader a better 
understanding of how the Equivalence Principle can he applied to 
aperture-antenna problems. Several potential misconceptions 
appearing in popular antenna-theory textbooks were addressed, the 
most significant of which being that the free-space radiation inte- 
grals cannot be used once a conductor has been introduced in the 
null region of an equivalence problem. The mathematical analysis 
and examples presented here hopefully cast a new light upon the 
well-established techniques used in aperture theory. 

6. Acknowledgements 

The author wishes to thank Dr. Dirk Baker for helpful discus- 
sions, and acknowledges the technical support of Grintek Elec- 

IEEE Antennas and Propagation Magazine, Vol. 45, No. 3, June 2003 



tronics during the execution of this work. The author is indebted to 
Prof Sembiam Rengarajan who, prior to the submission of the 
paper, was prepared to correspond with him on the crucial issues of 
the paper. Even more so, the author is indebted to Prof Joseph 
Mautz, who, as a reviewer, was prepared to correspond with him 
and suggested several improvements. 

7. Appendix: 
Derivation of Moment-Method Self Term 

In this Appendix, a mathematical derivation of a “self term,” 
often encountered in Moment Methods, is given. This term is usu- 
ally derived by considering the discontinuity in the electromagnetic 
fields above and below the associated equivalent current density 
[3, p. 7131. It is shown that the radiation integrals themselves also 
produce this result. 

Consider an incremental surface AC on the x axis, as 
depicted in Figure 12. The self term of the EFIE (electric-field 
integral equation) will he derived here, and it is thus assumed that 
a TM, surface current, a, = M,i , is impressed on this surface, 
where ? is perpendicular to n , The integral we wish to evaluate is 

The “self term” is calculated by considering an observation point a 
distance yo above the surface, where yo --f 0 .  Since [ I ,  Equa- 
tions (D-IOandD-l2)] 

and 

it can be shown that 

(22) 

where Ms was assumed to be constant over the interval. If 
yo + 0 ,  the first integral in Equation (22) will tend to 0. When the 
substitution x - xo = x‘yo is made in the second integral of Equa- 
tion (22), the integration boundaries xo i- A C l 2  correspondingly 
become fAC121yo.  With AC small but fixed and yo --f 0,  the 
integration boundaries of the second integral in Equation (22) can 
thus be extended to im. Recognizing that 

it follows that 

If the evaluation point is chosen to be on the opposite side of 
AC(YO <O), 

ii x E( M,) = - M s  
2 

A similar derivation can readily be done for the three-dimensional 
radiation integrals. 
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Introducing the Feature Article Author 

Dr. Booysen has a keen interest in the theoretical aspects of 
antenna engineering, and has published a couple of technical 
papers in local and intemational antenna magazines. He is a past 
Chapter Chair of the local branch of the IEEE Antennas and 
Propagation Society. <!i: 

Editor’s Comments ContinuedJiam page 28 

Wireless system engineers sometimes ignore the details of 
antennas in their systems, simply including the antenna(s) in the 
channel model. In order to provide such system engineers with a 
model that can he used in this fashion, while still preserving the 
important details associated with an antenna, a two-port model for 
the antenna has been developed. Shawn Rogers, James Aherle, and 
David Auckland describe their new model in Don Bodnar’s Meas- 
urements Column. As part of this work, they present a comparison 
of efficiency measurements made on a planar inverted-F antenna in 
a spherical near-field range and using the Wheeler-cap method. 

Be sure to read Juan Mosig’s essay on two notebooks. I think 
you’ll enjoy it. 

Instead of the “lite” version of From the Screen of Stone, you 
get the whole thing this time - and thus there are no “added com- 
ments” in these Editor’s Comments. A portion of the column deals 
with Adobe Acrobat and the making of PDFs. That should he par- 
ticularly timely, since the 2004 Symposium in Monterey requires 
submission in PDF format. The good news is that while you 
probably want to buy a version of Acrobat if you can afford it, you 
don’t have to: there are several ways to make PDFs either for free 
or at little cost. 

The IEEE: Providing a Tool to Help Fight 
Spam and Respecting Our E-mail Rights 

Shortly before this issue went to press, I learned that the 
IEEE was experimenting with software to help identify “spam:” 
the unsolicited bulk e-mail that has clogged many people’s e-mail 
in-boxes to the point where it seriously affects their ability to use 
e-mail. As this issue goes to press, a description of the planned 
implementation can be found at http:Neleccomm.ieee.orgilEEE- 
SP@-info.shlml. The proposed anti-spam software implementa- 
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tion will read all e-mail sent to or from an IEEE alias account, and 
if it determines that the e-mail is likely to be spam, it will add 
“SPAM” (or something similar) to the front of the subject line. 
This could then be used to visually eliminate such messages, and 
many e-mail clients will automatically segregate messages so 
labeled. 

1 hate spam as much as the next person, and because my e- 
mail addresses are widely published, I’m a pretty good target. 
However, I have a real problem with any such process being 
applied to my e-mail, and particularly without my permission. I 
think there is a real potential for falsely interfering with legitimate 
e-mail. I consider it censorship to tamper with e-mail I send or that 
is sent to me. There is also an issue of trust involved here. Let me 
expand on these concems. 

First, as I’ve discussed before in this column (see “Have You 
Been Filtered Lately” in the December, 2002, issue, pp. 85, 124), I 
have had several experiences in which commercial spam-filtering 
software has falsely laheled as spam legitimate messages I have 
sent to authors of material that was to appear in the Magazine. The 
result was that the timeliness of publication of that material was 
adversely affected. Had I not gone to extraordinary lengths to get 
around their spam filtering, the material would never have heen 
published. Published reports have indicated that as much as 15%- 
20% of legitimate e-mail is being falsely blocked by spam-hlock- 
ing software. Are you willing to risk losing 20% of your legitimate 
e-mail? I’m not! [Note: I have no reason to believe ~ or disbelieve 
- that such a “false alarm” percentage applies to the system being 
used by the IEEE. In fact, I’ve been unable to obtain any data 
beyond marketing claims on the accuracy rate of any particular 
spam-blocking software.] 

Second, I’m no lawyer, but I consider it libel to falsely label 
e-mail I have sent as spam. I suspect others probably feel this way, 
too. I would not want the potential legal liability associated with 
the use of any system that labeled e-mail as spam unless I was very 
confident it was never going to falsely label a legitimate message. 

Third, I consider such labeling to be nothing less than censor- 
ship. It is particularly unacceptable since the clear purpose of the 
modification to the subject line - the tampering with the e-mail -is 
to allow client e-mail software to reject the message based on the 
modification. What’s next? Deciding what I may or may not send 
or receive via my IEEE e-mail alias? My understanding of one of 
the features of the IEEE alias service was that it was to he a simple 
forwarding service: other than virus checking (which has an almost 
zero false-alarm rate, and is something everyone sending or 
receiving e-mail should he doing anyway), there was to he no fil- 
tering done by the IEEE. If this had been implemented in the man- 
ner originally proposed, any level of trust that the IEEE may have 
established in the e-mail alias program would have disappeared, at 
least as far as I’m concerned. I think such a system would he 
exactly the same as if the US post office started reading mail and 
changing the address on the letter, based on what someone - or 
some machine - decided was or was not in the contents, or was or 
was not acceptable. 

I sent some of the above comments to Dan Senese, Executive 
Director of the IEEE, and had a good telephone conversation with 
him as a result. He said that the IEEE had heen slow to implement 
any trpe of spam filtering, in part because they felt some people 
would have similar concerns. They chose the software they are 
using because it did not, in and of itself, prevent the delivery of e- 
mail: it simply labeled it. After checking on the feasibility of 

Continued on page 82 
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